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Traveling waves in a water-immersed binary granular system vibrated within an annular cell
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It has been known since the time of Faraday that vertically vibrated fine grains may spontaneously form piles
through their interaction with a fluid. More recently, it has been observed that a fine binary mixture may
separate under vertical vibration through the differential influence of the fluid on the two granular components.
Here, we report a detailed study of a system of water-immersed bronze and glass grains held between two
coaxial cylinders. Under vertical vibration, the bronze separates to form a layer above the glass, which itself
breaks symmetry to form a pile. Symmetry is broken a second time by the bronze forming layers of different
thicknesses upon the two slopes of the glass pile. The pile then travels as a wave with the thicker bronze layer
upon its leading surface. We examine the conditions for these traveling waves and determine how their speed
varies with particle size, frequency, and amplitude of vibration. A model is developed which provides a
semiquantitative account of the wave motion.
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I. INTRODUCTION tion by grains cascading down the upper surface and by tilt

Granular materials are known to exhibit a wide range ofdeStruction within the bed which occur when it larjds].

complex dynamical behaviof&]. Here we describe a system _ 1h€ stra]cond feature ufpon which the travr:aling waves de-
in which purely vertical vibration leads to horizontal travel- P€nd is the separation of a binary mixture that occurs under

; .y ical vibration through its interaction with the ambient
ing waves. These waves are observed when a fluid-immersefftica 1 1S n
binary granular mixture is vertically vibrated while being_%/;@dbgd&g?' ﬁsgpdes t;‘:?l 'anvt'ggategrgltgc')ﬂ ::S é?ercgg dthroug? Hs
held between two coaxial cylinders. The waves rely for theirt , downw Yl vibration cycie, upw

existence on two phenomena which occur when fine grain ter[ in the cycle. Iftth?hflwd .Cljlr?g 28{5 %dlgferentlal ef{edct on
interact under vibration with an interstitial fluid, Faraday pil- € two components, they will tend to be drawn apart durng

ing, and the fluid-driven separation of binary mixtures. the fluid mavement. However, grains of the same type wil

| . X : tend to stay together since they are influenced similarly by
Since the time of Chladni and Faraday it has been knowr1"Iuid drag. Over many cycles of vibration the granular mix-

that fine particulates may spontaneously ff?”" .conlc.:al plles‘ffure will separate with the component having the larger value
when placed upon a horizontal platform which is being ver-¢ pd? uppermost. Herg is the granular density ardiis the

tically vibrated either by tapping or by continuous oscillation particle ‘diameter. The excellent separation which may be
[2]. Within a vertically y|brate_d container, a body of grains caused in this way depends upon “gaps” which open up be-
may be observed to pile or tilt through the same “Faradayween the separated beds during flight, ensuring local granu-
effect” [3—6]. lar convection within each separated region, rather than glo-
Faraday’s experiments suggested that these effects are asl convection which would cause mixifg8].
sociated with air movement induced by the throwing of the In this paper we describe the behavior of a water-
granular bed2] and, despite some doubts, the involvementimmersed system of spherical bronze and glass grains under
of the ambient fluid is now widely acceptd®-13. Al- vertical sinusoidal vibration when held between two coaxial
though the detailed mechanism and some important aspeatylinders. We observe that the grains separate with the
of the behavior are still the subject of active del#®-14,  bronze grains above the glass. The glass forms into a single
recent work in our own laboratory on water-immersed sys+Faraday pile with a bronze layer upon its slopes. Should the
tems [15] broadly supports the proposal of Thomas andbronze not be of equal thickness on the two slopes of the
Squires[9,11], who suggested that the buildup of tilt is the glass pile, the pressure gradients which develop across the
result of horizontal fluid movement within the bed. Vibration glass pile cause the glass and bronze to rotate together round
of sufficient amplitude throws the bed of grains from thethe system, traveling as a wave. This movement maintains
platform during each vibration cycle, the grains landing andthe inequality of the bronze thickness on the two slopes. We
settling later in the cycle. Early in bed flight the pressurepresent a simple model for this behavior, based upon thrown
below the bed is reduced as fluid is drawn down through it. Ifgranular beds within an incompressible fluid. This model ex-
the upper surface of the bed is tilted, the horizontal compoplains the principal behaviors and gives a good semiquanti-
nent of this fluid flow accelerates grains horizontally, in atative account of the dependence of the rotational period
sense which enhances the tilt. Later in flight an overpressuregpon the frequency and amplitude of vibration.
develops below the bed as it approaches the platform, slow-
ing the horizontal granular motion. The tilt builds up until it Il. EXPERIMENTAL TECHNIQUES
reaches an equilibrium. The construction of tilt due to hori- Bronze and glass grains were held between a pair of poly-
zontal fluid flow is then balanced during each cycle of vibra-methylmethacrylat¢éPMMA) cylinders, positioned coaxially
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using an upper and lower grooved Dural plate into which (a) | (b)
they were glued. The inner cylinder had an outer diameter of
30 mm, while the outer cylinder had an inner diameter of
52 mm. The cylinders were 46 mm high. The space betweer
the cylinders could be filled through holes in the upper plate
which could then be sealed with bungs. The axis of the cyl-
inder assembly was held within £0.2° of vertical and the
assembly vibrated vertically in a manner which ensured ac-©
curate one-dimensional sinusoidal motion along this axis
[17,18.

The vertical motion was monitored using a cantilever ca-
pacitance accelerometer system which displays the dimen
sionless ratio of the maximum acceleration to the accelera;
tion due to gravity,'=aw?/g Here a is the amplitude of
vertical vibration of the cylinder assembly=2=f is the FIG. 1. The development of separation and piling following the
angular frequency, and is the acceleration due to gravity. application of vertical vibration of 50 Hz arld=4.0 to a 25%:75%
The experiments have been performed using sphericdqronze glass mixture of 600—730m diameter spheres. The images
bronze and soda-glass grains of densijpgs 8900 kg m?3  are after times ofa) 0, (b) 7, (c) 41 and(d) 87 s.

— <3 i
and py=2500 kg m", respectively. Each had a spread of Early in the motion, an almost pure bronze layer may form

grain diameters of about +10% to avoid gross crystalIizatiorbe,[ween an upper and a lower glass laeg. 1(b)]. Soon
effects. The grains were inserted into the space between trheowever, the bronze rises to the upper surface lying above a

cylinders through an upper hole and the filling ComIOIGtedsingle glass region. As the separation proceeds, the lower
with distilled water. The assembly was shaken to release aVYiass region forms into a single pile.

air bubbles and then refilled and sealed so that no visible aif pgts of the granular system then begin to move horizon-

bubbles were contained within its volume. tally, the upper slope of the glass pile which has the most
The use of a fluid such as water offers a number of adygnze forming the leading edge of a traveling wave. Soon,
vantages for studying the effects of Faraday tilting and fluidhe granular system rotates as a whole about the vertical axis,
driven separation. First, considerably larger particles may bg,g glass pile and the upper bronze layers moving as a wave
used, making the observation of granular motion far easiefithout further changes in form. The images of Fig. 2 show
than for air. For nonturbulent fluid flow, the_effects of fluid g1most one full rotation of the traveling wave about the axis
drag on the granular dynarr_ucs s_cale apprOXIr_natebCﬁSn, of the system. It may be seen that the majority of the bronze
where 7 is the dynamic viscosity of the fluifil7,18. At grains lie on the leading edge of the wave, forming an ap-
20 °C, water is about 50 times more viscous than air, sugp oximately even layer, while a far thinner layer occurs on
gesting the use of particles7 times larger in diameter than he trajling edge. An initially well-mixed system may rotate
for the ot_)servanon of.S|m|Iar effects in air. The motion of j, cither sense following separation and pile formation, but
these grains may readily be observed through the transparepf | cases the rotation is such that the thicker bronze layer is
cylinder walls using digital photography. ~on the leading edge of the wave. Within this coaxial geom-
Second, the use of water eliminates the effects of staligyry the granular behavior is essentially identical when
electricity which often slow and otherwise modify the dy- yiewed through the outer or inner cylinders once full sepa-
namics of dry granular systems when they are shaken Vigogution has occurred; we do not then observe any appreciable
ously for long periods, particularly within an insulating box [a4dial component to the mean granular motion.
[17]. Figure 3 shows, schematically, the results of applying a

Third, within a liquid, the coefficient of restitution be- range of frequencies and valuesIofto the particle system
tween grains is close to zero at low Stokes’ numbers, lowerspown in Figs. 1 and 2. In general the speed of granular

ing the granular temperature within the thrown beds, andnotion increases rapidly with, the line “” indicating the
maintaining a more constant bed porosity than would be thgonditions for the completion of granular separation and pil-
case for systems thrown in a gas such as air, where the Cyq on the time scale of 10 min. At low frequencies, within

efficient of restitution is close to unity5,19. region B, the mixture separates almost completely with the
bronze uppermost, lying above a glass pile. The bronze
Ill. OBSERVATION OF TRAVELING WAVES forms layers of the same mean thickness upon the two slopes

of the glass pile. There are small temporal fluctuations in the
The set of images of Fig. 1 shows the result of applyinghorizontal position of the pile, but no mean direction of

vibration at 50 Hz and’=4.0 to an initially well mixed col- movement. At very low frequencies and hidh region A,
lection of bronze and glass grains, both species having dianseparation occurs with the bronze above the glass, but no
eters in the range 600—7%m. The mixture consists of 25% glass heap develops, probably as a result of the very high bed
bronze to 75% glass by volume. The mean granular begorosities which result from the large amplitudes of vibration
depth is 12.7 mm. It may be seen that, under vibration, théound in this region.
grains separate into bronze-rich and glass-rich regions which Within region C traveling waves are observed. Through-
become increasingly deficient in the minority component.out most of this region the separation is close to perfect, with
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pure bronze layers forming above a well-defined and almosgbut with the heap distorting and reforming as a function of
pure glass heap; the bronze is thicker upon the leading eddgane. Consequently, there is no well-defined period of oscil-
of the glass pile. Only at lower values Bfand higher values lation in this region.
of frequency within region C is the separation less than com- Within region C the bronze layers are of almost constant
plete, with some bronze within the glass pile, and glasghickness over the larger parts of both the leading and train-
within the bronze. It is within region C, shown shaded, thating slopes of the traveling glass pile. Figure 4 shows,Ifor
we have carried out the following studies of traveling waves=4.0, the thicknesses of the bronze layers measured half-way
Here, the the heap moves at a steady speed and the motionuig the corresponding glass slope, plotted as a function of
therefore periodic. At higher frequencies, within region D, frequency. It is seen that the two thicknesses are very differ-
complex behavior is observed, with not only poor separationent at high frequencies, each being approximately indepen-
dent of frequency. However, below 40 Hz, they approach

FIG. 2. The motion of the fully
developed traveling wave con-
figuration of a 25%:75% bronze
glass mixture of 600—71@m di-
ameter spheres, under vertical vi-
bration of 50 Hz and"=4.0. The
images(a)—(i) are in sequence and
are spaced in time by about 2 s.
Here the bronze and glass system
is rotating clockwise as viewed
from above, the granular motion
being right to left as viewed.

10fF one another and at lower frequencies become equal. At the
same time the rate of rotation slows and the rotation ceases.
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FIG. 3. Schematicl-f diagram for a 25%:75% mixture of ' 7
600—-710um bronze/glass particles, showing the regions of behav-
1 1 1 2 1 1 /] 1 1 r 1

ior described in the text. The dotted line shows the approximate © 20 %0 a0 %0 100 120
boundary to the left of which the grains are thrown and settle within Frequency (Hz)

each cycle. The theory which we have presented is only valid

within that part of region C which is to the left of this line. The FIG. 4. The thicknesses of the bronze layers on the leading and
error bars give an indication of our experimental uncertainty intrailing edges of the glass pile, plotted as a function of vibration
estimating the positions of the various boundary lines. frequency. The data are fér=4.0.
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decade ofr, each having a gradient of —2.1+0.1, while at
higher values of"-1 the gradient becomes less negative.

] We have carried out further experiments in which we have
1 used various sizes of grains, studying systems in which the
bronze and glass grains are of equal or unequal sizes. Pro-
vided that the conditions for good separation are met, requir-
ing pd? to be very different for the two specigs8], traveling
waves may be observed for particle sizes ranging from
250 to 1200um, usually over somewhat reduced ranges of
frequency and". However, the period of rotation has only a
weak dependence upon particle size.

20k w“""’ 1 IV. THEORY OF THE WAVE DYNAMICS

) AP SR SR S S T T We will now present a model for the granular system
0 2 40 60 8 10 120 40 \which, despite the large number of simplifications and ap-
Frequency (Hz) . . . L
proximations, successfully explains many of the principal
FIG. 5. The measured rotation period,vs frequency for four Observations. The present experiments clearly show that the
values of[". The points represent the experimental data, while theglass pile travels only in response to different thicknesses of
best fit lines are a guide to the eye. bronze upon its two slopes. This suggests the following
physical mechanism for the horizontal movement. Under
The behavior then corresponds to region B of Fig. 3. It apvertical vibration the bronze is thrown higher than the glass
pears that the rotation is driven by differences in the thicksince it has a higher density and is therefore less influenced
nesses of the bronze layers. In Fig. 4 the sum of the thickby fluid damping. Gaps therefore develop between the
nesses at high frequencies somewhat exceeds the sum of thenze and glass beds. The pressure in the gaps will be less
thicknesses at low frequencies. This is possible due to ththan ambient early in flight, as fluid is drawn down through
small but variable “reservoir” of bronze at the bottom of thethe bronze beds, and greater than ambient later in flight as
slopes, a reservoir which travels with the wave. fluid is forced upwards. Unequal thicknesses of bronze on
Figure 5 shows the dependence of the observed period ¢lfie two slopes will lead to different pressures under the two
rotation about the vertical axis, as a function of frequency, bronze beds, resulting in a net horizontal pressure across the
for four values ofl". It is seen that, in each caseincreases glass pile. This pressure difference accelerates the glass bed
with frequency, slightly more rapidly than linear. ASis  early in flight and decelerates it later in flight, causing a net
increased the period rapidly reduces. This may be furthehorizontal displacement during each cycle of vibration.
seen from Fig. 6, which shows the dependence ofgloy In deriving an expression for the period of rotation, first
upon logo(I'-1) for four different frequenciesl’-1 rather let us consider the vertical motion of a granular bed of thick-
than T is used as the variable, since Bt1 no granular nessh, thrown from a horizontal platform moving vertically
motion with respect to the container is expected. At low val-asZ,=asin(wt). If the bed is considered to be a rigid porous
ues of'-1, the data lie on straight lines over more than aplug moving in one dimension within a viscous fluid of finite
density then it may be shown that the bed will take flight at
a phase angle of sil1/T") and in flight will follow the
equation[18,20,21:

{1+&(1—¢)]u+w+(p—pf) _
p & p p

whereu is the rate of change of the vertical position of the
bed with respect to the containefr,s the porosity of the bed,
ps is the fluid density, and is a fluid damping parameter. If
the fluid flow through the bed is laminar, then application of
the linear term of the Ergun bed equation lead§22):

= 1501 =)y
: pp’d®
K ' ' s It may also be showf21] that, when the bed is in flight, the
additional pressure just below the bottom of the bed due to

FIG. 6. Experimentally determined values of |g@) vs its presence is given bj21]:
logyo(I'-1) fqr four frequgnqes. The p0|r_1ts represent the experimen- P=h(p-py)(1-¢)(g+ 2p +0). (3)
tal data, while the best fit lines are a guide to the eye. The line to the
left of the data has a slope of —2.1 and is also intended as a guide tbhis pressure is in addition to the ambient pressure and to the
the eye. pressure differencep(g+2,)Az between any two points

120 |-

[3;]

100 |-

~N W
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-

__(p= Pf)zp, 0
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2l Zop in the range 10°-20°. As an approximation, we will use Egs.
(1)—(3) to calculate the vertical flight of the bronze and glass
beds and the pressures under the bronze beds, and treat hori-
zontal motions as a perturbation resulting from these pres-
sures. In this approach the vertical motion of the bronze beds

b, is then given by Eqs(1) and(2) with appropriate values of

the granular densityp,, and porosity¢,. Note that, to this

approximation, the two bronze beds undergo the same verti-

& e A cal flight. The pressure under the bronze beds will vary dur-

[ D . ing their flight and since the two beds are of different thick-

ness there will be, at any particular heighta net pressure

FIG. 7. Schematic diagram of the “unwrapped” glass pile andgjfference between the left and right hand sides of the glass
bronze layer configuration used in our model. The beds are in flightyaq given by Eq(3) as

having been thrown from the lower platform, shown hatched. The

H i

upper bronze layers are taken to be uniform in depth upon each AP = (hy = hy) (pp = p) (1 = ) (g + 2, + ). (4)
slope, while the lower glass pile moves as a whole without chang- P
ing shape. The symbols used are described in the text. The glass bed may move horizontally in response to this

pressure difference while it is in flight. The vertical motion

of the glass bed may be obtained using EL.again with
ppropriate values of the granular densjty, and porosity,

¢y We note that, since Eq1) indicates that vertical flight is

independent of the bed depth, it is to be expected that all

distinct bed dered th hile in fliaht and arts of the glass bed undergo the same vertical motion. In
two distinct beds are considered then, while in flight and noty, yeriments; the bed is observed to maintain its shape while

in contact, the two beds are not aware of each other's pregj,qergoing slow internal convection. In the current model

ence within an incorr_lpressible fluid. A flight equation havingWe assume that the glass bed moves as a rigid porous body.
thel forrr(; of Eq.(l)dyvnlr?pply to eazf:h of them.l dThe horizontal pressure gradient across the glass bed will
n order to predict the motion of our granular system and. ,se motion both of the glass grains and the fluid contained

Qithin the glass bed. At the frequencies used here we may

the motions of the bron_ze anq glass beds. We c.onsider graif¥sume that they move together. The equation of motion for
held between two coaxial cylinders, the mean diameter belng1e horizontal motion of the glass bed is then given by

D. In systems in which the distance between the two cylin-

ders is considerably less th@n negligible radial variation is Mg = S(Hmax— Hmin) AP, (5)

observed in the mean granular motion; in the present model

radial motion is taken to be zero. We therefore consider thevhere s is the radial distance between the two concentric

simplified geometry shown in Fig. 7. The suffid@andgto  cylinders andM is the effective mass of the glass bed, given

refer to bronze and glass, respectively, armhdl to referto by

the right and left hand sides of the diagram. The symmetric

glass pile of slope anglg, has a maximum heigh,,,, and

a minimum heigh#H,,,;,. A bronze layer of uniform depthy,

covers the left slope, while a bronze layer of delgthcovers

the right slope. Each bed is considered as an object of unithe net horizontal motion of the glass bedk;, may be

form porosity ¢y, or ¢4. A bed may move in the(horizonta) obtal.ned by integrating, twice with respect to time, from

and z(vertica) direction during flight but we assume that it the time of take-off to the time of landing of the glass bed.

does not change either its shape or its orientation with re®g IS the motion per cycle of vibration and is related to the

spect to the horizontal. period of rotation of t_he system about its vertical axisby
Initially the lower platform, shown hatched in Fizg. 7, be- T=mD/(fdXy). Thusis given by

gins to move vertically az,=asin(wt). If I'saw/g is 32

greater than unity, the glasspand bronze beds will be thrown ;= 7 2 (Himax+ Hinin) __[pg(1 = ¢g) + prbg] ,

from the platform. The bronze beds will fly higher and land (Mo = M) (Himax= Hmin) (pp = p)(1 = gp) ol (I, w)

later in time than the glass bed, due to the lower effect of (7)

fluid damping on the more dense bronze. It is supposed that

I is constrained so that both bronze and glass beds land at¢herel (I', ) is the double integral of+Zz,+u, taken over

have time to settle before they are thrown again in the folthe flight time of theglassbed.

lowing vibration cycle. The dotted line shown in Fig. 3 gives  We note that each bronze bed is drawn into the region of

a rough estimate of the upper limits Bfand frequency for reduced pressure which exists below it early in flight, acquir-

which this is true. ing horizontal motion which tends to move it in an upslope
We now suppose that the vertical motion of each bed iglirection. Later in flight these horizontal motions are brought

greater than the horizontal motion. This is generally true dudo a halt by the overpressures below the bronze beds. The net

to the low angle of the granular slopes(Fig. 7) is typically ~ motion drives the bronze beds uphill, as we observe. Experi-

separated by a vertical distanse, due to the action of grav-
ity and the accelerating frame on the mass of the liquid. It i
to be noted that the equation of moti@l) does not contain
the bed thicknesd), while the pressure?, depends directly
uponh. It is further to be noted that if the vertical motions of

D
M= SWT(Hmin + Hmax)[Pg(l B ¢g) * Pf¢g]' ©
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FIG. 8. The rotation periodr, determined from theory, vs fre- FIG. 9. log(7) determined from theory, vs leg(I'-1), for four

quency, for four values df. The points represent estimations from values of frequency. The points represent estimations from the
the theory using the experimentally determined parameters ddheory using the experimentally determined parameters described in

scribed in the text. The best fit lines are a guide to the eye. the text. The best fit lines are a guide to the eye. The line to the left
of the data has a slope of —1.49 and is also intended as a guide to
the eye.

mentally, the net motion within the bronze beds is upslope,

compensated by downslope granular motion at the upper sur- ) ] o
faces. form of the measured and predicted data is very similar, the

predicted periods span a somewhat more limited range of
V. COMPARISON BETWEEN THEORY AND EXPERIMENT ~ time than do the experimental data. ,
Figure 9 shows the predicted values of the period, plotted

We have compared our experimental measurements of againstl’-1 using logarithmic scales, and for the four differ-
with numerical predictions using the method outlined earlierent frequencies used in the measurements of Fig. 6. Again
We take the mean porosity of the heavily damped glass bethe general form of the two sets of data is very similar, the
as ¢4=0.42, the experimentally measured porosity for thepredicted period falling ad” is increased, following a
loose random packing of spheres of our range of sizes; thstraight line on the log-log plots for lod/ but decreasing
bronze beds are more kinetically active under vibration ananore slowly for higher values df. Here, however, the slope
we assume the slightly higher value ¢§=0.44 for the mean is -1.5+0.1. While the measured and predicted values are
in-flight porosity of these beds. These values were chosen teimilar at high values of, the agreement becomes progres-
represent typical porosities under these vibratory conditionssively worse ad is reduced, reflecting the differences in
Variations in porosity of the glass bed have little effect on thegradient. It is to be noted that both in the measurements and
time period. However, changes in the porosity of the bronzén the predictions the data for 40 and 50 Hz tend to cross at
bed have a much larger influence on the period through Eqsigher values of . This is due to the tendency for the bronze
(1) and (2). An increase in¢gy, of 0.02 increases the time thicknessesh, andh,,, to equalize at lower frequencies and
period by of order 10%. higher values of’, causing the period to increase.

The theory given earlier has been used to predict the de- Finally, we note that the model predicts only a weak de-
pendence of the period upon frequency dndWe use as pendence of the period;, on the grain sized. The glass
inputs to our predictions a number of experimentally detergrain size does not enter EJ). Decreasing the bronze grain
mined parameters, namela Hmin, Ny @nd hy,, which  size increases the fluid damping of the bronze beds, reducing
have been measured as a function of the two principal pathe height to which they are thrown. The net effect on
rametersw andI’. The mean diameter of the granular annu-1(I", w), through whichd,, enters the expression far is very
lus, D, is 41 mm, while the diameter of both the bronze andsmall. The effect of nonlinear bed resistance to flow is also a
the glass grains, is taken to loe-655 um, the mean value weak influence for similar reasons. Inclusion of the nonlinear

used in the experiments. For each frequency Bivde have  term of the Ergun bed equation reduces the predicted values
obtained the vertical motion of the bronze and glass bedsf r by less than 10%.

through Eqgs.(1) and (2) and then carried out the double
integration to obtair.

Figure 8 shows the predicted values of the period as a
function of frequency for the four values bfused in making We have studied a phenomenon which depends upon two
the measurements of Fig. 5. The two sets of graphs are seef the major features found in the behavior of vertically vi-
to have very similar form. In Fig. 8 the period rises some-brated fluid-immersed grains, Faraday tilting, and granular
what more rapidly than linearly with frequency andlass  separation. Together, these effects are responsible for the un-
increased the period falls rapidly. However, while the generalisual behavior of a binary granular system, in which a wave

VI. DISCUSSION
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rotates about a vertical axis under the application of purelfyermined values. The glass pile is predicted and observed to
vertical vibration. move with the thicker bronze layer upon its leading edge.

This behavior may be explained by considering the mo-The dependence of the period upon frequency is both pre-
tion of the beds as they are thrown by the vibration within andicted and observed to be slightly more rapid than linear in
incompressible fluid. In the presence of the fluid the glasgach case, and to decrease in gradient with incredsifigpe
grains form a Faraday pile, covered by a bronze layer. Th@eriod is shown to vary as~ 1/(I'-1)¢ at lower values of’,
reduced pressure under the bronze beds early in flight causbsth experimentally and in our model predictions, the experi-
up-slope movement which, compensated by down-slope sumental value of§ being —2.1+0.1 while the model offegs
face movement, causes the bronze grains to form almost uri=—1.5+0.1. While the experimental values for the period are
form layers upon the slopes of the glass pile. If, for anyclose to the predicted values at higHgrthe agreement be-
reason, the thicknesses of bronze upon the two glass slopesmes progressively worse Ess lowered. This suggests the
become unequal, then the different pressures below thi@fluence of what is probably the most important omission
bronze layers will cause the glass pile to move horizontallyfrom our model, friction with the walls of the container.
taking the bronze layers with it. The difference in thicknessHowever, while the effect of friction is expected to become
between the two bronze layers is maintained by the movemore important at lower values &, it is not at present well
ment of the pile with respect to the small reservoir of bronzecharacterized. We have not, therefore, attempted to incorpo-
at the bottom of the slopes, movement which encouragegate it into our model, which has been principally used to
more bronze to be taken up into the bronze layer which iginderstand the physical mechanisms behind the observed
already thicker. wave motion.

Unusually for a granular system, this configuration offers  Finally, we note that related effects may be observed if an
the opportunity to predict the period of rotation using animmersed granular mixture, of the type which we have de-
analytical model, rather than having to resort to methodscribed, is contained inside a single vertical cylinder. Under
such as particle based simulation. Our model treats theertical vibration the mixture separates with the bronze up-
bronze and glass beds as rigid porous plugs for which thpermost and the granular system tilts. Over ranges of fre-
vertical motion dominates, horizontal motions being consid-quencies and' the bronze is distributed nonuniformly across
ered as a perturbation. Such a model has a number of weathe surface of the tilted glass bed. The tilted granular system
nesses. In a more detailed treatment, coupled equations fren rotates about the vertical axis. However, the granular
the vertical and horizontal motions would no doubt be con-motion contains radial components, and the extent to which a
sidered. While the convective motion within the more com-theory similar to the one presented here may be applied is
pact glass bed is slow, and it is a good approximation tainder investigation.
consider it as a rigid porous plug, the bronze layers exhibit
appreciable internal granular motion, both upslope within ACKNOWLEDGMENTS
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